Abstract-For applications in algebraic geometric codes, an explicit description of bases of Riemann-Roch spaces of divisors on function fields over finite fields is needed. We give an algorithm to compute such bases for one-point divisors, and Weierstrass semigroups over an optimal tower of function fields. We also explicitly compute Weierstrass semigroups till level eight.
I. INTRODUCTION

A
LGEBRAIC geometric codes are defined by means of Riemann-Roch spaces of divisors on function fields over finite fields. In practice, for applications in coding theory, one needs an explicit description of bases of such spaces. The problem of computing these bases is a hard one, and it is addressed, for instance, in [5] , [8] , [9] , [10] , and [14] . In this correspondence, we give an algorithm to compute bases and Weierstrass semigroups over an optimal tower of function fields.
We use the language of function fields as in [11] . Let be the finite field with elements, and consider a tower of function fields over . Let denote the genus of and its number of -rational points. The wellknown Drinfeld-Vlȃdut bound (see [13] ) guarantees that the limit satisfies the inequality
The tower is said to be good if , and optimal if . In the literature, there are many explicit descriptions of several good and optimal towers (see [1] , [2] , [4] , and [6] ), from which algebraic geometric codes can be constructed having parameters that attain the Tsfasman-Vlȃdut-Zink bound (see [11] ). In this paper, we consider the tower over the finite field in odd characteristic. This tower is defined recursively by and, for , , where the function satisfies the relation This tower was introduced and proven to be optimal in [3] . Let be the unique pole of the function in . For each , fix the divisors , and let be the sum of all rational places in that lie over a set of points in that completely split in the tower (see [3] ). We get a sequence of algebraic geometric codes defined, for , as where the Riemann-Roch space is defined by
The knowledge of explicit bases of the Riemann-Roch spaces allows us to construct generator and parity check matrices of such codes. The main result of this paper, Theorem III.1, is an algorithm to compute such bases. The central idea is to apply results in [7] (see Theorem II.8 in Section II in the following) to decompose the vector space in as a direct sum of Riemann-Roch spaces of divisors at the lower level , and continue this way till the rational function field , where the bases can be easily computed. In order this process to be performed, the divisors we get at each level should be invariant for the action of the Galois group of . Unfortunately, this condition is not always satisfied and the procedure has to be suitably modified, as done in Sections III-A and III-B.
As a consequence of the main result, we get an algorithm to compute the Weierstrass semigroups where is the pole divisor of , Theorem III.2. As an application, we also explicitly present the semigroups till level eight (see Section III-C).
The ramification structure of the tower and the computation of the genus are presented in Section II.
II. PRELIMINARIES
The object of study is an asymptotically optimal tower of functions fields defined over the finite field with The field is the full constant field of for any . Moreover, the extension is a Kummer extension of degree 2. For the general theory of function fields, we refer to [11] .
The structure of this section is as follows. The relevant part of the ramification structure of the tower is given by Lemma II.3. In Proposition II.6, the divisors of the functions and are computed. The genus of the tower is given by Proposition II.7. Then we recall from [7] , the definition of restriction of a divisor and a theorem that allows us to compute the Riemann-Roch space of a divisor in terms of suitable restrictions, Theorem II.8. This theorem has to be considered as the main technical tool for the results of this paper. We end the section with a remark about the computation of some power series expansions.
Remark II.1: The results of this paper are valid for more general base fields than , namely, perfect fields with and that contain a square root of . More precisely, if is a perfect field with , then (II.1) define a tower of function fields that satisfies the stated properties. If, moreover, contains a square root of , then the ramification structure is the one given in Lemma II.3 and all the other results follow as well. We notice that the power series described in Remark II.10 and used in Lemma III.8 have coefficients in the prime field of .
For applications of coding theory, the attention is restricted to finite fields with odd prime, since in this case the tower is optimal, a fact that allows for the construction of good sequences of codes.
For
, we denote by the unique place of such that . We start by studying the ramification structure of the tower above the places with , where ; this is the content of Lemma II.3. We shall consider the results of the lemma, and its consequences, to be known. Nonetheless, we are not aware of a complete written account of the ramification structure, and the results that we need are beyond what is explicitly written about it in [3] , [4] , and [11] . 
at , where the symbol denotes a power series expansion with no nonzero terms of order strictly less than . Then, we can compute the expansion . Since , the same expansion holds at . Let the expansion of at be given by , where the have to be computed. By the relation:
, it follows that, up to order Hence, the unknown coefficients can be computed by induction on from the formulae We also remark that for and with , the expansion of at is the one given previously if (since ); minus the one given previously if (since we have to take the other determination of the square root of ).
III. HERMITIAN BASIS OF THE RIEMANN-ROCH SPACE
We state the main result of this paper: Theorem III.1. This gives bases of the spaces , as and vary, in a constructive way. As a corollary of the main theorem, we get a constructive way to compute the Weierstrass semigroups : this is the content of Theorem III.2. We recall that a basis of a Riemann-Roch space is called a Hermitian basis (with respect to ) if its elements have distinct pole order at (see [12] ). The structure of this section is as follows. The proof of Theorem III.1 relies on Theorem III.4, which is the main technical result of this paper, namely to compute a basis of the space . The proof of Theorem III.4 is divided into two parts. In Section III-A, we construct suitable restrictions and of the divisor , Proposition III.5. In Section III-B, we construct bases of the spaces associated with these divisors, Proposition III.7, from which Theorem III.4 follows. The proof of step 2 of Proposition III.7 is quite long and relies on Lemma III.8, which in turn uses the results of Lemmas III.9 and III.11.
In Section III-C, we exhibit the Weierstrass semigroups for . We make some comments on the complexity of the given algorithm for computing generator matrices of codes and Weierstrass semigroups. We recall from [3] that, for codes constructed from level , the length is given by . For any fixed , we may divide the algorithm into two parts. , and also to pass from to , see Proposition III.7, the number of required multiplications and divisions in is of order , and for all the other computations the complexity is less than .
A. Basis of : First Part
This section and the next one are dedicated to the proof of Theorem III.4. We fix once and for all an integer
. All of what will be defined in the sequel will depend on but we will not indicate this fact in the notation.
In this section, we will construct divisors and at level . In Section III-C, suitable bases of the Riemann-Roch spaces of these divisors will be constructed.
Proposition III.5:
There is an algorithm to construct divisors and , , and integers , , , , and , labeled by integers and s.t. and , in such a way that the following conditions are satisfied. Proof: The proof is by descending induction on , and it is given in three steps. In step 1, we define the divisors . In step 2, for any , we define the divisors given the divisors . By Proposition II.6, the coefficient of the divisor at is equal to ; then, is satisfied for . In order to prove , we argue as follows. For with odd, the number takes all the values exactly once. The same is true taking the even values of . It follows that the set coincides with the set: . Since holds with in place of by hypothesis, then the 's take exactly once all the odd residues modulo . The conclusion for the given follows.
The next corollary will be used in Section III-B to construct bases of the divisors given in the aforementioned proposition. 
B. Basis of : Second Part
In this section, we will complete the proof of Theorem III.4 by computing bases of the Riemann-Roch spaces and of the divisors constructed in Section III-A. The integer will be fixed once and for all.
Proposition III.7:
There is an algorithm to construct functions , and integers , , labeled by integers and s.t.
and , in such a way that the following conditions are satisfied.
(i) For all , . Moreover, as varies, the coefficients take exactly once all the odd values modulo .
(ii) For all , for all with , and for all , the family parameterized by and is a basis of . (iii) For all , for all with , and for all , the family parameterized by and is a basis of . Proof: The proof is by induction on , and it is given in three steps. In step 1, we construct bases of the spaces . In step 2, for any , we construct bases of the spaces given bases of the spaces . , there are no coefficients at all, and we are done.) By the linear independence of the 's, it follows that for any . Then, by induction on , all the coefficient vanish, and the proof of the linear independence is complete.
C. Weierstrass Semigroups at
Up to Level 8 As an application of Theorems III.1 and III.2, we implemented an algorithm in Scilab (www.scilab.org) to compute the Weierstrass semigroups at for any . We list the elements of the semigroup by making a list of the nongap intervals ----. This means that
If
, we write -as .
In the following table, denotes the genus of . 
